Note from the web-poster:

This is the middle part of Gauss’s Copenhagen Prize Essay on conformal mappings.

sky@wlym.com translated it.

9.

We will now consider, as a second example, the representation of the surface of a straight (geraden) cone on a plane.  We take for the first equation

xx + yy - kkzz = 0

where we further set

x = ktcosu

y = ktsinu

z = t
and X = T, Y = U, Z = 0 as before.


The differential equation

( = (kk + 1)dt2 + kkttdu2 =0

gives here the two integrals

	log t ( i(
	kk
	(u = Const.

	
	kk + 1
	


We have therefore the solution

	X + iY = f(logt + i(
	kk
	(u)

	
	kk + 1
	

	X - iY = f'(logt - i(
	kk
	(u)

	
	kk + 1
	


i.e. since f represents an arbitrary function, for X will be taken the real part of

	f(logt + i(
	kk
	(u)

	
	kk + 1
	


and the imaginary part for Y (after discarding the i).


If one sets  f as an exponential function, namely

fv = hev
where h is constant and e signifies the base (Basis) of the hyperbolic logarithm, one thus has the simplest representation

	X = htcos( 
	kk
	(u = Const.

	
	kk + 1
	


	Y = htsin( 
	kk
	(u = Const.
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Application of the formula from article 7 gives here

n = (kk + 1)tt,  N = 1

and, since (v = ('v = hev,

	((logt + i(
	kk
	(u) ( ((logt + i(
	kk
	(u) = hhtt
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consequently

	m =
	h

	
	((kk + 1)


is thus constant.  One must thus still set 



h = ((kk + 1)

and the representation will become a complete development.

10.


Third, let the sphere of radius a  be represented in the plane.  We set here

x = acost ( sinu

y = asint ( sinu

z = acosu
whereby we obtain



( = aasinu2dt2 + aadu2 
 


The differential formula ( = 0 gives, consequently,

	dt ( i (
	du
	 = 0

	
	sinu
	


and whose integration

	t ( i log cotang 
	1
	u = Const.

	
	2
	



We have, therefore, if we once again indicate by f an arbitrary function, X must be set equal to the real part and iY the imaginary part of

	f(t ( i log cotang 
	1
	u)

	
	2
	


We will now develop two special cases of this general solution.


If for f is chosen a linear function, in which one sets fv = kv, we will have

	X = kt,

	Y = k log cotang
	1
	u

	
	
	2
	


Applied to the earth, if one lets t signify the geographical longitude, and 90˚–u the lattitude, this is obviously equal to the Mercator Projection.  For the ratio of magnification,, the formula in article 7 gives here

	m =
	k

	
	a sin u



If for f is taken a complex
 exponential function, and, to begin with
, the simplest fv = keiv, we have

	f (t + i log cotang
	1
	 u) = kelog tang 1/2 u + i t  = k tang
	1
	u (cos t + i sin t)

	
	2
	
	2
	


and

	X = k tang
	1
	 u · cos t,    Y = k tang
	1
	u · sin t

	
	2
	
	2
	


which, as can be easily seen, is the stereographic polar projection.


If one sets more generally fv = kei(v,

	X = k tang
	1
	 u( · cos (t,    Y = k tang
	1
	u( · sin (t 

	
	2
	
	2
	


For the ratio of magnification we obtain here



n = aa sin u2,
N = 1,
(v = i(kei(v
and from this

	m = 
	(k tang
	1
	u(

	
	
	2
	

	
	a sin u



It can be seen that here the representation of all points for which u is constant falls in a circle, and the representation of all points for which t is constant falls on a straight line, and also, that the circles corresponding to various values of u are all concentric.  This gives a very convenient map projection, if only one part of the spherical surface is to be represented, and one does best to choose ( such that the ratio of magnification for the outermost values of u is equally large, whereby it against the mean to its smallest value maintains. [???]  Let these outermost values of u be u0 and u'.  One must then set:  

	( =
	log sin u'​– log sin u0

	
	log tang
	1
	u' – log tang
	1
	u0

	
	
	2
	
	2
	


The pages of professor Harding's star map numbers 19-26 are done according to this projection.

11.
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� On the notation of sinu2


"sin2( is odious to me, even though Laplace made use of it; should it be feared that sin(2 might become ambiguous, which would perhaps never occur, or at most very rarely when speaking of sin((2), well then, let us write (sin()2, but not sin2(, which, by analogy should signify sin (sin()."


	In defense of this it should be noted that as well, in usual usage, sin-1( does not signify 1/sin(, but rather arcsin(.


� imaginäre


� zwar zuerst





