Section XX

The introduction of complex magnitudes into Mathematics has its origin and its immediate goal in the theory of laws of simple dependence
 among variable magnitudes; laws expressed by operations on these magnitudes.  In effect, if one applies these laws of dependence in a more expanded field, by attributing complex values to magnitudes to which these laws apply, there then presents itself a harmony and a regularity which before remained hidden.  The cases where this extension had been made formed, up until now, it is true, a restricted domain; nearly all these cases could be reduced to these laws of dependence between two magnitudes where one is either an algebraic function of the other (that is to say when between the two an algebraic equation holds), or a function of which the derivative is an algebraic function; but hardly has all progress accomplished here given us only a simpler form, more expedient for reaching results arrived at without the aid of complex magnitudes, but it has also opened the path to new discoveries; the history of studies relative to algebraic, circular and exponential, elliptical and Abelian functions offer examples of this.

Let us rapidly note the new progress on the theory of similar functions resulting from our studies.

The methods used so far for the treatment of these functions still comes from a principle which consists in taking as a definition an expression of the function, its value being thus given by each value of its argument.  Our studies have demonstrated that, following the general character of a complex function, a portion of the elements of determination are, by a definition of this nature, a consequence of the remaining portion, and, as a matter of fact, then the totality of these elements is here reduced to those which are necessary for the determination.

This, in essence, simplifies the treatment of the question.  Thus to demonstrate, for example, the equality of two expressions of the same function we used to have to transform them one into the other, which is to say to show that they coincide for each value of the variable magnitude; but, it now suffices to demonstrate their coincidence in a more limited domain.

A theory of these functions, based on the principles introduced here, would establish the “figuration” of the function (which is to say, its value for each value of its argument), independently of a method of determining the function by means of operations on magnitudes; we would reach a general definition of a function of a complex magnitude in adding only the necessary characteristics to determine the particular function; and it is thus only by this theory that one would be able to pass to the study of the different expressions the function is susceptible of [taking].

The particular character of a class of functions, which are expressed in a similar manner by the aid of operations on magnitudes, presents itself then for these functions under the form of conditions relative to contour and discontinuities.  For example, if the domain of variability of the magnitude z covered simply [once] or multiply the entire indefinite plane A, and if the function did not admit of discontinuities except in isolated points, and in these points only those infinites of finite order (for infinite z the value itself, for finite z’ the magnitude 1 / (z – z’) being considered as an infinite of the first order), then the function is necessarily an algebraic function, and, reciprocally, any algebraic function satisfies these conditions.

We will not, for now, touch upon the development of this theory which, following our remarks, is destined to throw light upon the laws of simple dependence governed by operations on magnitudes; in effect, we leave to the side the study of the expression of a function.

For the same reason, taking our theorems as principles of a general theory of these laws of dependence, we will not occupy ourselves here in establishing the possibility of applying them; it will then be necessary to demonstrate that the conception of function of a complex magnitude, which we will take here for a point of departure, coincides completely with the idea of a dependence expressible by operations on magnitudes.
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((An example of Section XX))

Section XXII


The complete extension of the studies of the preceding section in the more general case where, at a unique point of a surface, there correspond several points of the other and where one does not presuppose that the surfaces have a simple connection, will be left to the side here, so much the more that from a geometrical point of view, all our study could be presented in more general form.  The restriction of our consideration to plane surfaces, unified except the exception of isolated points, is not essential.  Moreover, the problem of the representation of any given surface upon another given surface, in keeping the similitude in the smallest parts, can be treated in a completely analogous manner.  We will content ourselves, for this subject, to refer the reader to the two Memoirs of Gauss, that cited in §III [Copenhagen Prize Essay] and that titled: General Theory of Curved Surfaces (article 13).

end

� We regard here as elementary operations: addition and subtraction, multiplication and division, integration and differentiation; and a law of dependence is for us more simple as it requires less elementary operations.  In effect, all the functions, which we have used so far in analysis can be reduced to a finite number of these operations.


� By dependence expressible by operations on magnitudes, we mean all dependences governed by a finite or infinite number of the four simplest arithmetic operations: addition and subtraction, multiplication and division.  The expression operations on magnitudes (as opposed to operations on numbers) indicates that in such arithmetic operations the commensurability of the magnitudes plays no role.





