Chapter 2


The Algebra


1.  Optional theorem.  In order to generally indicate any number, one avails oneself of a letter.   The transformations, that are carried out with the numbers, are expressed with the symbols that have hitherto been used, but one also indicates multiplications, by writing both factors beside one another, without placing a dot between them; because the letters do not receive a value from their position, as the numerals do.



One generally calls the product of two numbers a·b or ab; if a=3, b=4, one says 3·4=12; when a=7, b=9, one says 7·9=63, and so this expression ab stands for all possible products; likewise c+d all possible sums, e-f all differences; g:h or g/h, all quotients.  The letters can mean whole numbers as well as fractions, and just as easily a third kind of numbers, for which we cannot yet give a term.  But for our present intentions, it will generally be sufficient, to use them to designate whole numbers.  In the meantime, the rules of our arithmetic remain generally applicable, when these rules do not presume that the meaning of the letters is limited to whole numbers.


2. Corollary.  Because every letter can represent every number, two letters may not be compared to one another without further determinations.  But when a particular letter is multiplied by a specific number, and then by a different one, a comparison between both the two products can be made.  For example, 20c is four times as great as 5c; and 7d + 12d = 19d; c and d may be whatever they wish.

3. Task. To add or subtract expressions, in which various letters are combined with various signs.

Solution.  One writes the parts of the expressions under those that contain identical letters, and proceeds as in I. 96, 100 and II. 2.


Example of addition.

+ 7a + 4b - 3c - 4d = A

+ 2a - 5b - 4c + 6d = B

+ 9a -  b - 7c + 2d = C


Example of subtraction

+ 17a - 12b +  8c -  9d = D

+  2a +  8b -  3c - 11d = E

+ 15a - 20b + 11c +  2d = F

4. Observation.  When one lets a, b, c, d, each apply to a specified unit, for example cents, pounds, [Lothe?], quints(?), one can demonstrate through this calculation, that one arrives at the same result, when one calculates a similar example using the usual method.  E.g., in this case would a = 100b, b = 32c, c = 4d; thus, if A = 90096 quints, then B = 24950, A + B = 115046 = C.  Also D = 216087; E = 26001; therefore D·E = 189486 = F.  The toilsome reduction from the larger units to the smaller, is spared through the calculation of the contrasting magnitudes, so that this procedure may be conveniently applied to the many calculations that come up in daily life.

5. Task.  To carry out multiplications with expressions like (3).

Solution. One multiplies each part of the one factor, by  every part of the other, while observing the symbol as in I. 108

	Ex.  I
	a + b
	

	
	a + b
	

	
	a2 + ab + ab + b2 = a2 + 2ab + b2


	Ex.  II
	a - b
	

	
	a - b
	

	
	a2 - ab - ab + b2 = a2 - 2ab + b2


	Ex.  III
	a + b
	

	
	a - b
	

	
	a2 + ab - ab - b2 = a2 - b2


The first example will be utilized below.  The last one shows, how convenient this calculation is for finding, and concisely expressing, general theorems.  This one is: the sum of two numbers multiplied by their difference, gives the difference of their squares.  For example, 17·3 = 51 = 102 - 72
6. Task.  To carry out division with expressions like (3).

Solution.  When the divisor and dividend have factors in common, one strikes them out from both (I.69), otherwise one indicates the division only with the appropriate symbol.  The sign for positive and negative is determined by I. 112.  Detailed rules of division are unnecessary here.
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7. Task.  Multiply powers from the same root with one another.


Solution.  Because the exponent of each power (I.46) indicates the number of factors, there are as many factors in the product, as both exponents together indicate, thus is given a power, whose exponent is the sum of the exponents of the factors.

a2·a3 = aa·aaa = a 5
b m b n = bm + n
8. Corollary.  (a2)3 = a2'3 = a 6 and generally (x m)n = x m·n
9. Corollary.  
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10.  Lesson.  To divide powers of the same root by each other.


Solution. Because as many factors are cancelled in the dividend, as there are in the divisor, there remain in the quotient as many factors of the dividend as the dividend has in excess of the divisor; the quotient is thus a power, whose exponent arises, when one subtracts the exponent of the divisor from the exponent of the dividend.


[image: image6.wmf]
y m : yn n = y m-n
11. Corollary.  a2:a2 = a2-2 = a2-2=a0 = 1; and generally x0 = 1.

12. Corollary.  When the exponent of the divisor is greater than the exponent of the dividend, then the exponent of the quotient will be negative.  But, the quotient is then a fraction, whose enumerator 1 the denominator is now a power from the positive exponents (?).  Thus powers with negative exponents signify as much as fractions.

a3/a 7 becomes, with this rule, = a -4; but it is = 1/a 4; thus, both these expressions are equivalent.

13. Corollary.  a +m · a -n = a m-n (7.10)
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