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Editorial

Shock waves and their propagation have been one of the most puzzling
phenomena in physics since their prediction by Bernhard Riemann
more than 100 years ago. The “state of the art’” has not changed much
since 1949, when John von Neumann said: “To this day, the only thing
of any degree of generality that we possess [on the general hydrodynam-
ical motions in one dimension] is the classical discussion by Riemann,
and this very strictly in one dimension and very strictly in the isentropic
case.”

This issue of the IJFE includes two articles on the subject: the first
and only English translation of Riemann’s profound and seminal 1859
paper on shock waves. This paper, long misinterpreted and subject to
the unfortunate status of a dusty classic, deserves a concentrated
examination by all workers in the field. The second article, by Dr.
Belokogne of the Soviet Union, contains new and provocative applica-
tions of the Riemann’s ideas to shock waves in inertial confinement
fusion.

Readers of the 1JFE will be happy to know that the Fusion Energy
Foundation has recently received a grant to reproduce all of Riemann’s
papers (now at the archives at the University of Gottingen) and will,
in the coming issues, be presenting English translations of many
of Riemann’s previously unpublished mathematical and physical
researches.

Authors wishing to submit manuscripts for publication in 1JFE
should send two (double-spaced) copies of their work with stats of all
figures to Managing Editor, The International Journal of Fusion
Energy, Fusion Energy Foundation, 888 7th Ave., Suite 2404, New
York, NY 10019.
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On the Propagation
of Plane Air Waves of Finite Amplitude*

B. Riemann

Translated from German by U. Parpart and S. Bardwell

Although the differential equations determining the motion of gases
have long been established, their integration nonetheless has been
carried out only for the case in which the differences in pressure can be
viewed as infinitesimal fractions of the entire pressure, and until most
recently, it was considered satisfactory to take into account only the
first powers of these fractions. Only very recently, Helmholtz in his
computation took into account second-order terms, and from this
explained the objective generation of combination tones. However, for
the case that the initial motion occurs everywhere in the same direction,
and that in each plane perpendicular to this direction, pressure and
velocity are constant, the exact differential equations can be completely
integrated; and even though, for the explanation of phenomena experi-
mentally established so far, the treatment of the equations made up to
this point is entirely sufficient, it is nonetheless possible that given the
great progress which has been made in the experimental treatment of
acoustic questions, the results of this more precise computation may, in
the not too distant future, provide certain reference points for experi-
mental research; and this may, apart from the theoretical interest which

*Translated from the German: B. Riemann, Gesammelte Mathematische
Werke, ed. H. Weber (Leipzig, 1876), pp. 145-164.

1



2 B. RIEMANN

attaches to the treatment of nonlinear partial differential equations,
justify the communication of the same.

For the dependency of the pressure on the density, Boyle’s Law would
have to be assumed if the temperature of the gas could be regarded as
constant. The heat exchange, however, can probably be neglected
entirely, and, therefore, for this dependency, we must assume the law
according to which the pressure of the gas changes with its density when
no heat is gained or lost.

According to Boyle’s and Gay-Lussac’s Law if o is the volume per
unit mass, p is the pressure, and 7 is the absolute temperature, then

logp + logov =log T + const.

If we here regard T as a function of p and » and call ¢ the specific
heat at constant pressure, and ¢’ the specific heat at constant volume,
both with unit mass, then this unit mass, when p and v change by dp and
duv, will gain the amount of heat

aT oT
—dv f—d
Cc?a.r z+cap P

or since

6‘!0gT_810gT_l
dloge dlogp

T(cdlog v + c'dlog p).

Thus, when no heat gain occurs, then

dlogp - ——dlogv
4

and also if we assume with Poisson that the ratio of the two specific
heats (¢/c’) = k is independent of temperature and pressure, then log
p = —kloguz + const.

According to recent experiments, Regnault, Joule and W. Thomson,
these laws are probably very nearly valid for oxygen, nitrogen, and
hydrogen, and their mixtures under all realizable conditions. For these
gases, Regnault established a very close fit with the law of Boyle and
Gay-Lussac and the independence of the specific heat ¢ from tempera-
ture and pressure.

For atmospheric air, Regnault found that between —30°C and
+10°C, ¢ = 0.2377; between + 10°C and +100°C, ¢ = 0.2379; between
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+100°C and +215°C, ¢ = 0.2376. Similarly, for pressures from 1 to 10
atm, no noticeable difference in specific heat resulted.

According to experiments by Regnault and Joule, it further appears
that for these gases, the assumption adopted by Clausius from Mayer,
that a gas expanding at constant temperature will absorb only as much
heat as is necessary for the production of the external work, is very
nearly correct. When the volume of the gas changes by dv while the
temperature remains constant, d log p = —d log v, the amount of heat
absorbed is T(c — ¢')d log v, and the work performed, is pdv. This
hypothesis therefore, when A4 signifies the mechanical equivalent of
heat, yields

AT(c — ¢')d log v = pdv

or¢ — ¢" = (pv/AT), thus independent of pressure and temperature.
According to this k = (¢/¢’) is also independent of pressure and
temperature. When ¢ = 0.237733, A, according to Joule, is 424.55 J,
and, for a temperature of 0°C or 272.85°K, pv according to Regnault is
7990.267 J, then k = 1.4101. The speed of sound in dry air at 0°C is

v(7.990.267)(9.8088k) m/sec

and with this value of k, is found to be 332.440. The two most complete
series of experiments by Moll and van Beek for this calculated
separately yield 332.528 m/sec and 331.867 m/sec, jointly yield
332.271 m/sec, and the experiments of Martins and A. Bravais accord-
ing to their own computation give 332.37 m/sec.

1

To begin with, it is not necessary to make a definite assumption about
the dependency of the pressure on the density; we thus assume that for
the density, p the pressure, is ¢(p), and for the time being we leave the
function ¢ undetermined.

We now assume that orthogonal coordinates x, y, z have been
introduced, the x-axis in the direction of the motion—and we let the
density be denoted by p, the pressure by p, the velocity for coordinate x
at time ¢ by u and an element of the plane with coordinates x by w.

Then the volume of the right cylinder of height dx standing on the
element is w dx, the mass contained in it wp dx. The change of this mass
during the time dt, i.e., the magnitude w (dp/dt) dt dx is determined by
the mass flowing into it which is found to be equal to
—w (dpu/dx) dx dt.

Its acceleration is (du/dt) + u (du/dx) and the force which propels
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it in the direction of the positive x-axis is (—dp/dx)wdx =
—¢'(p)(dp/dx)w dx, where ¢'(p) denotes the derivative of ¢(p). Thus
for p and u we have the two differential equations

L

ar  Ax
and

du ou . L Op

9(5? * ué})= —¢'(e) 7~
or

du du .. . dlogp

ar T iax T PP 5,
and

dlogp dlog p du
+u -——

at ax ax’

If we multiply the second equation by + v¢'(p) add it to the first, and
for purposes of abbreviation let

J Vo' (p) dlog p=f(p) (1)
and
f) +u=2r, f(p)—u=2s (2)

then these equations attain the simpler form
ar ar
—=—(u+ ve'(p) -,
at ax
ds - as
R UER D) E N o ©

where « and p are functions of » and s determined by Egs. (2). From
these follow
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- 2 (dx — w+ N dn) | @
z—(dx—(u—\f (p)df) (5)

Under the assumption which in reality always obtains that ¢'(p) is
positive, these equations express the fact that » remains constant when x
changes with ¢ in such a way that dx = (¥ + V¢'(p)) dt, and that s
remains constant when x changes with ¢ in such a way that dx = (v —
Jo'(p) dt. Thus a specific value of r or of f(p) + u advances to larger
values of x with the velocity v¢'(p) + u, while a specific value of s or of
f(p) — udecreases to smaller values of x with the velocity v¢'(p) — u.

Thus a specific value of r will sooner or later coincide with every
previously realized value of s and the velocity of its advance will at each
moment depend on that value of s with which it coincides.

2

The analysis, now first of all offers the means to answer the question
where and when a specific value of r, call it ', meets a specific value of
5.5, i.e., to determine x and ¢ as functions of r and s. Indeed, if in the
Egs. (3) of the previous section, we introduce r and s as independent
variables, then these equations are transformed into linear differential
equations for x and ¢ and can be integrated therefore, according to
known methods. In order to effect the reduction of the differential
equations to linear ones, it is most useful to put Eqgs. (4) and (5) of the
previous section into the form

,-——[d(x—(qu W)rw[d (dlogm )

gp

(2 EE )Y o

dlog p

- a—fcId(x (- TN - [d (d “:fl” ¢ (e) 1)

dr (dlzglo‘;;—p 1)]:]. ®)



6 B. RIEMANN

One then obtains two linear differential equations for x and ¢, when s
and r are regarded as independent variables

o(x — (u + Vo'(p))1) _ (d log Ve'(p) 1)
ds dlog p

dx — (u + Ne'(p))1) _ (d log Ve'(p) 1)_

ar dlogp
As a result of these
(x = (u+ Vo'(p))t) dr — (x — (u — V¢'(p))t) ds (3)

is a complete differential whose integral, w, satisfies the equation:

’w (d log Ve'(p) ]) _ m(aw aw)

ards dlogp ar ds
where
. 1 (d log V' (p) l)
2Vp(p)\ dlogp
i.e.,,a functionof r + 5. If we let f (p) = r + § = o, then
do
Ve'(p) - dlogp’

and consequently

dp

dlogd

2 do

With the Poisson assumption ¢(r) = aap*, we get

Za\[_ /2

+ COI’ISt

f(p)~

and if for the arbitrary constant we choose the value zero,
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k-3 k+1
V@) — um o s

1 1 1 k-3
"'=(§_ k — |)E=2(k— N
Under the assumption of Boyle’s law ¢(p) = aap we obtain values
f(p)=alogp
Ve'(p) +u=r—s+a

rr .5
Ve'(p) —u=s—-r+a

which follow from the above if one reduces f(p) by the constant
(2a \[;)/(k — 1)ie,randsby(a \f;)/(k — 1) and then sets k = 1.

However, the introduction of r and s as independent variable magni-
tudes is possible only if the determinant of these functions of x and ¢
which is equal to 2 V¢'(p)(dr/ax) (ds/dx) does not vanish, i.e., only if
(dr/dx) (ds/dx) are both different from zero.

If (dr/ax) = 0, then from Eq. (1) it follows that dr = 0 and from Eq.
(2) that x — (4 — Ve¢'(p))t is a function of 5. Consequently, then, too,
Eq. (3) is a complete differential and w becomes a function only of s.

For similar reasons, if (ds/dx) = 0 and s is constant also with respect
to1,then x — (1 + v¢'(p))t and w become functions of 7.

Finally, when dr/dx and ds/dx are both equal to zero, then in
consequence of the differential equations r, s and w become constants.

3

In order to solve the problem, we must now first determine w as a
function of r and s in such a way that it satisfies the differential
equation

Fw aw  aw
8r63rm(-5;+$)50 W
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with the initial conditions by means of which it is determined up to a
constant which can be added to it arbitrarily.

Where and when a specific value of r coincides with a specific value
of s is then given by

(x — (u + Vo' (p))t)dr — (x — (u — Ve'(p))t)ds = dw; (2)

and hereafter one finally finds » and p as functions of x and 7 through
utilization of the equations

f(o) +u=2r
S(p) — u=2s. (3)

Indeed, unless over a finite segment, dr or ds is zero, and hence r or s is
constant, Eq. (2) yields the equations

9

x — (u+ Vo'(p))t = a_t’ (4)
- aw
x—(u—\/w'—(p))r=—g, (5)

through whose connections with Eq. (3) one obtains « and p expressed
in terms of x and 1.

But if r initially has the constant value r' over a finite segment, then
in this region, where r = ', the value of x — (u + V¢'(p))t can then not
be determined from Eq. (2) since dr = 0; and, indeed, the question of
where and when this value #* will meet a specific value of s then does not
admit of a definite answer. Equation (4) then holds only at the
boundaries of this region, and determines between what values of x at
specific time the constant value of " occurs, or, again, during what
period of time at a specific point r this value obtains. Between these
boundaries, # and p are determined as functions in similar fashion when
s possesses the value s’ in a finite region in which r is variable, as well as
when both r and s are constant. In the latter case, between certain
boundaries determined by Eqgs. (4) and (5) they assume constant values
determined by Eq. (3).

4

Before we undertake the integration of Eq. (1) of the previous section, it
would be useful first to present a few considerations which do not
presuppose a knowledge of the integration itself. Concerning the func-
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with the initial conditions by means of which it is determined up to a
constant which can be added to it arbitrarily.

Where and when a specific value of r coincides with a specific value
of s is then given by

(x — (u + Vo' (D)t)dr — (x — (u — Ve'(p))t)ds = dw; (2)

and hereafter one finally finds » and p as functions of x and ¢ through
utilization of the equations

f(p) +u=2r
S(p) —u=2s (3)
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x = (u+ V()= (@)
= aw
x — (4~ Vo'(p))t = — FYE (5)
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Before we undertake the integration of Eq. (1) of the previous section, it
would be useful first to present a few considerations which do not
presuppose a knowledge of the integration itself. Concerning the func-
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tion ¢(p) the only necessary assumption, (which in reality will certainly
always be the case) is that with growing p its derivative does not
decrease. We also note ‘here a point that will be applied on several
occasions in the following section, that under these circumstances:

w(p)) — @(ps) !
—— = - _/0. o' (ap, + (1 — a)p,) da,

when only one of the quantities p, and p, change, the equation will
either remain constant or increase or decrease along with these quanti-
ties respectively. Simultaneously it follows from this, that the value of
this expression will always be between ¢'(p,) and ¢'(p,).

Let us first consider the case where the initial disturbance of the
equilibrium is limited to a finite region determined by the inequality a <
x < b so that outside it # and p and consequently » and s are constant; let
the values of these quantities for x < a be denoted by use of the
subscript 1, for x = b by the subscript 2. According to Section 1, the
area in which r is variable slowly moves foward and in particular its rear
boundary moves with velocity ve'(p,) + u, while the forward boundary
of the area in which s is variable, goes backwards with the velocity
Ve'(p,) — u,. After a period of time

hb—a
Vo' (p) + Ve'(py) + uy + uy

The two regions move apart from each other, and between them, a
gap forms in which s = s, and r = r, and consequently, the gas particles
are in equilibrium again. Hence, from the initially disturbed place, two
waves originate propagating in opposite directions. In the advancing
one, we have s = s,; therefore, with the specific value of the density p
there is always connected the velocity u = f(p) — 2s, and both values
advance with the constant velocity

Ve'(p) + u = Vo'(p) + f(p) — 25,.

In the receding wave on the other hand, the velocity —f (p) + 2r, is
connected with the density p and these two values recede with the
velocity v¢'(p) + f(p) — 2r,. For greater densities, the propagation
velocity is greater since both v¢'(p) and f (p) increase along with p.

If we think of p as the ordinate of a curve for the abscissa x, then this
point moves along parallel to the abscissa with constant velocity which
is larger for larger values of the ordinate. One easily realizes that with
this law points of greater ordinate would ultimately overtake precursor
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points with smaller ordinates so that to one value of x there would
correspond more than one value of p. Now, since in reality this cannot
take place, a circumstance must arise as a result of which this law
becomes invalid. And, indeed, the derivation of the differential equa-
tions was based on the assumption that 4 and p are continuous functions
of x and have finite derivatives; this assumption, however, ceases to be
fulfilled as soon as at any point the density curve becomes perpendicular
to the abscissa, and from this point on a discontinuity arises in this curve
so that a larger value of p immediately follows upon a smaller one; a
case which will be discussed in the next section.

The compression waves, i.¢., those parts of the wave in which the
density decreases in the direction of propagation, accordingly will
become more and more narrow as they progress, and will ultimately
change into compression shocks; the width of the rarefaction waves,
however, grows continuously proportional with time.

It is easy to show, at least under the assumption of Poisson’s (or
Boyle’s) law, that, even when the initial disturbance of the equilibrium
is not limited to a finite region, compression shocks must always (except
in very special cases) form in the course of the motion. The velocity with
which a value of r advances is, under this assumption

greater values thus will on the average move with greater velocity and a
larger value r" must ultimately catch up with a smaller precursor value
r”, unless the value of s coincident with r” is smaller by (»' —
r")[(1 + k)/(3 — k)] than that value of s simultaneously coincident
with 7', In this case for a positive infinite x, s would become negative
infinite, and consequently, for x = +, the velocity would become u =
+eo (or instead, in the case of Boyle’s law, the density would become
infinitely small). Excepting special cases, therefore, a value of r greater
by a finite quantity must always immediately follow a smaller one;
consequently, because dr/dx becomes infinite, the differential equa-
tions will lose their validity and advancing compression shocks must
arise. Similarly, we will almost always get receding compression shocks
as a result of the fact that ds/dx becomes infinite.

For the determination of the time and place for which dr/dx or
ds/dx become infinite, and sudden compressions originate, we obtain
from Egs. (1) and (2) of Section 2, introducing there the function w

(e (BB ..

dx \ar dlogp
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as [ *w ([dlog Jo'(p)
(O (D)),
ax as dlog p .
5
We must now, since sudden compressions almost always take place
(even if density and velocity initially vary continuously everywhere),
seek to determine the laws for the propagation of compression shocks.
We assume that at time ¢ for x = £, a jumplike change in  and p take
place, and we denote the values of these variables and of the variables
dependent on them for x = £ — 0 by attaching the subscript 1, and for x
= £ + 0 by the subscript 2; let the relative velocities, with which the gas
moves towards the point of discontinuity, u, — (d&/dt), u, — (d¢/dt),
be denoted by #; and u,. The mass, which passes through a surface
clement w at x = £ in a time dt, in a positive direction, is equal to
v pyw dt = vypyw di. The force impressed on it is (¢(p,) — ¢(p,))w dt

and the increase in velocity brought about by this 2, — o,; therefore we
have:

(e(p) — e(p))wdt = (v, — v)) vy pyw dt
and
U P = UpPa,

from which it follows

__[pae(p) — o(p2)
U= F e
14 Py = P2

thus
g-g=u I pro(p) — o(ps)
1 E AL L
dt pop— P
\/f’_w_(f;)_—_«o(fi_) -
[4 P

For a compression shock p, — p, must have the same sign as v, and v,,
and in particular the negative sign for an advancing shock, and a
positive sign for the receding one. In the first case, the upper sign holds
and p, is larger than p,; therefore, given the assumption at the beginning
of the previous section concerning the function ¢( o)
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If we denote the values taken on by u and p behind or in between the
compression shocks in the first instant of their progression with a prime,
then in the first case, p'> p, and >p, and we have

= gl \/(ﬂ’ — P )(@EP’) —¢(p)
P

o g \/(p' — ) (e(p) — ¢(p))

, (1)
PP

i o \/(p’ — p)(e() — o(p)

'

+ (p, — p?.){‘P('P’) - ‘P(Pz)) . (2)
PP

Thus, since both terms of the right hand side of Eq. (2) grow simulta-
neously with p', u; — u, must be positive and

(o1 — p2)0(p1) — @(p2))
P/ ’

(U, — uy)* >

and conversely when these conditions are satisfied there always exists
one and only one pair of values of «’ and p' satisfying Egs. (1).

In order for the last case to occur, and thus for the motion to be
determinable according to the differential equations it is necessary and
sufficient that r, = r, and s, = s, thus that 4, — u, be negative and (u, —
) = (f(p) — f(p»))>. Under these conditions the difference between
r, and r,, and s, and s, grows as they progress, since the preceding value
progresses with greater velocity, and thus the discontinuity disappears.

When neither the former nor the latter conditions are satisfied then a
single compression shock satisfies the initial values, either an advancing
or receding one, depending on whether p, is greater or smaller than p,.

Indeed, when p, > p,,

2(ry —rporf(p) —f(p) +uy — 1y

is positive, since (#; — #;)* < (f(p,) — f (p,))* and simultaneously

=f(p) — f(p2) + \/("' — p2)(e(p) — ¢(p2))
P2
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since

G — i = (o1 — p2)(p(p1) — #(p2))
PP

thus for the density p’ behind the compression shock a value satisfying
condition (3) of the previous section can be found and it is =p,.
Consequently, since s = f(p') — ry, 5, = f(p,) — r;, wealso have s" = s,
so that the motion behind the compression shock can occur in accor-
dance with the differential equations.

Clearly, the other case when p, < p, is not essentially different from
this case.

7

In order to explicate things up until now, by means of a simple example,
in which the motion can be determined on the basis of the tools
developed so far, we shall assume that pressure and density depend on
each other in accordance with Boyle's law and pressure and velocity
have a jump at x = 0 but are constant on both sides of this point.
According to the above, we must distinguish four cases:

L.

If u; — u, > 0 and thus the two masses of gas move towards each other
and

(“1 o= ﬂz)2 (o1 — ﬂz)z
=~

a P

then two compression shocks running in opposite directions are created.

According to Section 6, Eq. (1), if +/p,/p, is denoted by « and the
positive root of the equation

O
alo + —

o
by 6, the density between the compression shocks is p' = #8+p, p,, and

according to Section 5 eq. (1), we have for the advancing compression
shock

Wty ]

d a
—§=u2+aaﬂ=u'+—,

dt al



16 B. RIEMANN

IIL.

If neither of these cases obtain and p, > p,, then a rarefaction wave
running backwards and a compression shock running forwards arise.
For the latter we find from Section 5 [Eq. (3)], if # denotes the root of
the equation

2("‘7_’2):210394_9_1‘
a 0

that p’ = #8p,, and from Section 5 [Eq. (1)]:

d a
—E=u2+aﬂ=u'+—.

dt 0

After the passage of time ¢, we therefore have in front of the compres-
sion shock, i.e., when x > (u, + af)t, u = u,, p = p,, while behind the
compression shock we have r = r| and furthermore, if

X
(u, —a)t‘:x{(u'—a)t,u=a+?;

for smaller x, u = u, and for larger x, u = u'.

IV.

If, finally, the first two cases do not obtain and p, < p,, then the
development is just like in 111, only in the opposite direction.

8

In order to solve our problem in general terms, according to Section 3
the function w must be determined in such a way that it satisfies the
differential equation

Fw aw  Iw
aras_m(EJ“E):O )

and the initial conditions.

If we exclude the occurrence of discontinuities, then clearly accord-
ing to Section 1, place and time or the values of x and ¢, for which a
specific value r’ of r coincides with a specific value s’ of s, are completely
determined, when the initial values of r and s for the segment between
the two values 7" and s’ are given and if everywhere in the domain (.S5),
which for each value of ¢, includes those values of x which lie between






