
of a moving body which passes through two different media and which tries
to complete its movement as soon as it can.

And would the marvel not be greater, if we were to assume that I wrongly
discovered the reasoning of Nature? For can you imagine anything more
surprising than what happened to me? I wrote, more than ten years ago,2

to M. de la Chambre, that I believed that refraction must be reduced to this
geometry problem, and I was convinced at that time that the analysis of
this problem would give me a proportion different than that of M. Descartes.
And nevertheless, in attacking the problem, which is reasonably difficult, I
discovered, ten years later, exactly the same proportion as M. Descartes.

If I have told a lie, have I not some reason for thinking that it is one of
these famous lies of which it is said in Tasso, as I have already written you:3

Quando sarà il vero
Si bello, che si possa a ti preporre?

And for the rest, I cross my arms. Only allow me here, if you please, to
assure M. Chanut and M. the Abbot of Issoire, his son, of my very humble
obedience: I do not have the honor of being acquainted with the father,4

but why should I be the only person in Europe not to hold him in total
veneration?

I am, Sir,

Your very humble and very obediant servant,
Fermat.

2If Fermat’s memory is correct, he is referring to a letter which is now lost. The letter
in his collected correspondence is from five and a half years earlier.

3When shall the truth be so beautiful, that it might be placed before you? See Fermat
to Clerselier, March 10, 1658.

4The father, Hector Pierre Chanut, was the French ambassador to Sweden, and Clerse-
lier’s brother-in-law.
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Fermat to M. de · · ·

1664

Sir,

Since M. de · · · speaks and since you order it, to you, Sir, whose reputa-
tion is so great and so well established, I will allow my Geometery to awaken,
which was sleeping for a long time in a profound slumber, and, to start to
get into the subject, I would very much like to tell you the saga of our Optics
and our diffractions, in the form of a story, in order to leave you free to judge
and that you may be able to pronounce yourself without prejudice.

After having read the Book of the now-deceased M. Descartes and having
examined with some attention the proposition which serves as the foundation
of his Dioptrics and which establishes the proportion of refractions, I doubted
his proof; his demonstration seemed to be a veritable paralogism:

First of all, because he founds it upon a comparison, and since you know
that Geometry does not pretend to deal with such figures, comparisons there
being even more unacceptable than in the commerce of human intercourse.

Second, because he presupposes that the motion of light, which propa-
gates through the air and through rare bodies, is more difficult, or if you
prefer, slower than through water and other dense bodies; which seems to
offend common sense;

And finally, because he supposes that one of the directions or determi-
nations of motion of a ball is maintained in its entirety after the encounter
with the second medium.

I even added a few more reasons, which would be superfluous or boring
to go through with you. He read my writings, he responded to them, and,
after some back-and-forth between us, we parted like the indicted and the
witness, the one in the affirmative, the other in the negative, although I
finally received letters from him full of civilities.
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Since his [Descartes’s] death, M. de la Chambre, having published his
own Treatise on Light, did me the honor of sending it to me. I took the
opportunity of writing him the letter that you saw, in which I gave him
evidence that, in order to be sure of being free from paralogisms in a matter
so obscure, I saw no more certain means than to search for refractions by
this unique principle, that nature always acts by the shortest paths, on the
basis of which I indicated to him that one could find the point of refraction
with geometry, by reducing it to the problem or theorem that you know. But,
because I considered this invention very difficult and cumbersome, since these
questions of maxima and minima ordinarily lead to long-winded operations
which are easily scrambled by an infinite number of asymmetries which are
found on its path, there I left my thought for several years, waiting for some
geometer less lazy than I to make either the discovery or the demonstration.

Nobody wanted to take up this task. However, I received some letters
from M. de la Chambre from time to time, in which he urged me to add geom-
etry to my principle and to demonstrate it in a form revealing the true foun-
dation of refraction. That which restrained me in advance was the assurance
that M. Petit and others had given me, that their oft-repeated experiments to
measure refractions in water, crystal, glass, and many other different liquids,
were in precise agreement with the proportion of M. Descartes; such that it
seemed useless to me to go looking for some other one with my principle,
since nature had elucidated herself so clearly in his favor.

The objection that you make in your writing was not difficult for me and
I had responded to it in my letter to M. de la Chambre for this reason, that
anything that presses against or holds firm on any point of a curved line
is considered to hold firm or press against the straight line which touches
the curve at the said point; and thus, although the sum of the two lines of
reflection may be the greatest in concave, spherical, or other mirrors, it is
always the shortest of all those which could fall upon the line or the plane
which touches the mirrors at the point of reflection, and this does not require
a greater proof, since M. Descartes assumes it just as I do.

The whole difficulty was reduced, therefore, to the fact that it appeared
that I had to combat not only men, but also nature. Nevertheless, the last
requests of M. de la Chambre were so pressing that I resolved, about two
or three years ago, to attempt to rescue my analysis, imagining to myself
that there are an infinite number of different proportions between which the
senses could not distinguish, and that I could then perhaps find one which
would approach the one of M. Descartes and which nonetheless would not be

134



the same.1

I did a formal analysis with a method of mine, which Hérigone had earlier
printed in his Mathematics Course. I resolved all the asymmetries with
difficulty, and then, all of a sudden, at the end of my calculations, everything
unraveled and there appeared a very simple equation which gave me exactly
the same proportion as M. Descartes.

At that moment I thought I had erred, for I could not believe that it was
possible to arrive at the same conclusion by completely opposite routes, M.
Descartes imagining, as one of his means of demonstration, that the motion
of light meets more resistance in air than in water, and myself supposing
the exact opposite, as you will see in the copy of my demonstration, which I
have tried to redo from memory to completely meet your requirements, my
original having been sent to M. de la Chambre, following my usual laziness.

Therefore, I have reworked this question many times, by changing the
positions, and I have always arrived at the same conclusion, which confirmed
two things to me: one, that the opinion of M. Descartes on the proportion of
refractions is quite true; two, that his demonstration is quite false, and full
of paralogisms!

The Cartesian gentlemen later saw my demonstration, which was com-
municated to them by M. de la Chambre; first, they stubbornly persisted in
rejecting it, although I presented it ever so slowly to them. They should have
been happy that the battlefield was left to M. Descartes, since his opinion was
found to be truthful and confirmed, though for reasons different from his own.
The most famous conquerors hardly considered themselves less happy when
victory was won by auxilliary troops, rather than their own. The Cartesians
did not want to be ridiculed in the first encounters: they wanted my demon-
stration to be faulty, since it could not hold, without destroying that of M.
Descartes, which they always intended to put above dispute. But, since the
most skilled geometers who saw mine seemed to give it their approval, the
Cartesians finally paid me a compliment by way of a letter from M. Clerselier,
who is the one who published the letters of M. Descartes. They proclaimed
it a miracle that the same truth could be found at the end of two opposite

1That is, there are so many possible proportions, that it is possible for the true pro-
portion to be so close to that of Descartes, that the senses could not distinguish between
them. As Kepler writes in chapter 21 of his Astronomia Nova: “The lack of any perceptible
difference in effects between the as yet unknown true hypothesis and the false one. . . does
not make the effect identical. For there can be a small discrepancy which the senses do
not perceive.”
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and entirely different pathways and made a pronouncement that they would
be quite willing to leave the matter undecided and admitted that they did
not know with whom to agree on this matter, M. Descartes or me, and that
posterity would have to be the judge.2

It is to you, Sir, who are doubtless destined by your extraordinary merit
to have great dealings with Posterity, to inform them, if you think it apropos,
about this famous quarrel, or if you would rather “file” this writing among
your useless papers, I consent, as it is all the same to me.

But it is not the same for the very humble prayer that I make to you, to
consider me your, etc.

Fermat.

2A parody of Clerselier’s letter, of May 6, 1662, in which he says that nature could not
decide which path to take, that of least distance or that of least time, just as the Cartesians
could not decide who is right, Descartes or Fermat. However, since nature unequivocally
announces herself on the side of least time, Fermat has a clear idea of how posterity will
judge this quarrel.

136



Demonstration from the Letter to M. de · · ·∗

1664

Given line AFM (fig. 105), which represents the separation of the two
different media; let air be on the side of B and water on the side of H. The
ray of light, which must go from point B, which is in the air, towards point
F, where the medium of water begins, breaks and goes towards H, moving
towards the perpendicular, according to common everyday experiments.

M. Descartes determines this point H in such a way, that by drawing a
perpendicular BA from B on the line AFM, he makes line AF be to line FM
as the resistance in one of the media is to the other, even though he believes,
contrary to my understanding, that the resistance is greater in air than in
water.

Therefore let the greater resistance be represented by line AF and the
lesser by line FM, making line AF consequently greater than FM. Let there

∗Cf. the “Synthesis for Refractions,” included as the last section of Fermat’s writing
on Minima and Maxima, and the demonstration by Huyghens in his Treatise on Light.
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be erected from point M, the perpendicular MH which is cut at H by the
circle with center F and radius FB, so that lines BF and FH will be equal:
I say that the radius BF, immediately after being broken by the encounter
with the water, will go towards H.

For, since, by my principle, nature always acts along the shortest paths,
if I prove that in traversing the two lines BF and FH, it employs less time
than by traversing any other point on the line AM, I will have proven the
truth of the proposition.

Now, since I have assumed in advance that motion through air is easier
and consequently faster, the motion from B to F will be made in less time
than that from F to H, and, to set the true proportion, we must make

as AF to FM (which are the measures of the resistances), so is BF to FD,

and the two lines DF and FH will be the measures of the time which will be
used from B to F and from F to H. That is, line DF will be the measure of
the motion along BF, which is quicker, and the line FH will be the measure of
the motion along FH, which is slower, and this, according to the proportion
of BF to FD, or of HF – which is equal to BF – to the same FD.

Therefore if I prove that, for whatever point you take on the two sides of
DF, the sum of these two lines DF, FH is always smaller than any other two
lines moving in the same direction, I will have that which I was seeking.

Therefore let there first be point O on the side of M. By joining lines BO
and OH, and making

as BF is to DF, so is BO to CO,

I must prove that the sum of the two lines CO and OH is greater than that
of DF and FH. And, similarly, by taking a point such as V, on the side of
A, I must also prove that by joining the two straight lines BV and VH, and
making

as BF is to DF, so is BV to YV,

the sum of the two lines VY and VH is greater than that of the two lines DF
and FH.

To get there, I make

as BF to AF, so is FO to FR

and
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as the same BF is to FM, so is FO to FI.

Since BF is greater than AF, therefore FO is greater than FR and, since
AF is greater than FM, FR is also greater than FI, and it similarly appears
that

FR is to FI as AF is to FM.

For, since, by the construction

as AF is to FB, so is FR to FO,

and

as FB is to FM, so is FO to FI,

therefore, ex æquo,

as AF is to FM, so is FR to FI.

I say, therefore, that the two lines CO and OH are greater than the two
lines DF and FH. For, by Euclid, in the obtuse triangle FHO, the sum of the
two squares of HF and FO is equal to the sum of the square of HO and the
rectangle MFO taken twice. Now, since we have made

as BF or FH is to FM, so is FO to FI,
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therefore the rectangle under the extremes HFI is equal to the rectangle
under the means MFO, and the rectangle HFI taken twice is equal to the
rectangle MFO taken twice: we therefore have the sum of the two squares HF
and FO equal to the sum of square HO and rectangle HFI taken twice. But
the rectangle HFI taken twice is equal to the rectangle HIF taken twice with
double the square of IF; and the square HF, according to the same Euclid,
is equal to the rectangle HIF taken twice with the two squares HI and IF:
we therefore have, on one side, the square HI, the square IF, the rectangle
HIF taken twice and the square FO equal to the square HO, to the rectangle
HIF taken twice and to the square FI taken twice. Remove HIF taken twice
and the square FI from both sides: there remains, on one side, the square
HI with the square FO equal to two squares HO and IF. But the square FO
is greater than the square FI, since, by the construction, FO is greater than
FI: therefore square HO is greater than the square HI, hence the line HO is
greater than the line HI.

If I then prove that the line CO is greater than the two lines DF and FI,
there will remain proven that the two CO and OH are greater than the three
DF, FI, and IH, or the two DF and FH: I therefore prove what is required.

According to Euclid, in the obtuse triangle BFO, the square of BO is
equal to the sum of the squares on BF and FO and twice the rectangle AFO;
but, since we have made

FO to FR as BF is to FA

by construction, therefore the rectangle under BF and FR is equal to the
rectangle AFO, and consequently the square of BO is equal to the squares on
BF and FO and to the rectangle under BF, FR taken twice. But the square
on FO is bigger than that on FR, since the line FO has been proven to be
greater than the line FR: therefore, if you substitute the square on FR in
place of the that on FO, the square BO will be greater than the two squares
BF, FR and the rectangle BFR taken twice. But these last sums are equal,
by Euclid, to the squares of the two lines BF and FR taken as one: therefore
the line BO is greater than the sum of the two lines BF and FR. But we
have proved that

RF is to IF as AF is to FM, that is as BF is to FD,

which is the measure of the diversity of motions: therefore,
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as the sum of the two former BF and FR
is to the sum of the two latter DF and FI,

so is BF to FD.

Now

BO is to OC as BF is to FD:

therefore

as BO is to OC,
so is the sum of the two lines BF and FR
to the sum of the two lines DF and FI.

But we have proved that the line BO is greater than the sum of the two lines
BF and FR: it is therefore true that the line CO is greater than the sum of
the two lines DF and FI, which was the second thing to be proven.

Therefore there is no other point on the side of M through which the
ray may pass without taking more time than by going through point F. The
same remains to be proven about point V.

If we proceed, as above,

as BF is to FA, so is FV to FN

and

as the same BF is to FM, so is FV to FX,
NF will be to XF as AF to FM, that is as BF is to FD,
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by the preceding proof, and both of the two lines NF and XF will be smaller
than VF, by what has come before.

It is necessary to prove that the sum of the two lines YV and V is greater
than the sum of the two lines DF and FH.

First, I consider that, by Euclid, in the obtuse triangle VFH, the sum
of the squares on HF and FV and twice the rectangle MFV is equal to the
square VH; but, since, by construction, it has been made that

as BF is to FM, so is FV to FX,

therefore the rectangle BFX or HFX (since BF and FH are equal) is equal to
the rectangle MFV: we therefore have, on one side, the sum of the squares
on HF and FV and of twice the rectangle HFX equal to the square on HV.
But the square on FX is less than the square on FV: therefore the sum of
the squares HF, FX and twice the rectangle HFX is less than the square HV.
Yet this sum is equal to the square made on the two lines HF and FX as one,
by Euclid: therefore the sum of the two lines HF and FX is less than HV, ad
HV is greater than that of the two lines HF and FX.

Therefore, if I prove that the lie YV is greater than the line DX, there
will remain to be proven that the sum of YV and HV is greater than the sum
of DX, XF, FH that is the sum of DF, FH.

To make this last proof, I consider the obtuse triangle BVF in which,
according to Euclid, the two squares BF, FV are equal to the square BV and
the rectangle AFV taken twice; now, since, by construction, we have made

BF to FA as VF to FN,

therefore rectangle BFN is equal to rectangle AFV. Hence, the sum of the
two squares BF and FV is equal to the sum of square BV and twice the
rectangle BFN. Yet the rectangle BFN taken twice is equal to the rectangle
BNF and twice square FN: therefore the sum of the two squares BF and FV
is equal to the sum of the square BV, the rectangle BNF taken twice, and
the square of FN taken twice. Yet the square BF is, by Euclid, equal to the
square BN, the square NF and the rectangle BNF taken twice: we therefore
have the sum of squares BN, NF, FV and rectangle BNF taken twice and of
the square of FN taken twice. Remove rectangle BNF and square NF from
each side: it therefore remains that the square of BN and the square FV will
be equal to the squares BV and FN. Yet square FV is greater than the square
of FN, by construction: therefore the square BV is greater than that on BN,
and therefore the line BV is greater than line BN.
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We have proved that

as BF is to FD, so is NF to FX:

therefore

as line BF is to FN, so is DF to FX,

and, by the conversion of ratios,

as BF is to BN, so will DF be to DX,

and

as BF is to DF, so will BN be to DX.

But we have made

BF to DF as BV to YV

therefore

as BV is to YV, so will BN be to DX.

But we have proved that BV is greater than BN: therefore YV will be greater
than it more than DX is.

Yet it has already been proven that VH is greater than the two lines HF
and FX: therefore it is plainly proven that the two lines YV and VH are
greater than the three DX, XF, FH, or than the two DF and FH, and thus
the demonstration is complete.
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From this it follows that by proposing my principle, that nature acts
always by the shortest paths, the assumption M. Descartes is false, when he
says that the movement of light is made more easily in water and other dense
bodies than in the air or and other rare bodies.

For, if this assumption of M. Descartes were true and if you were to
imagine that, in my figure, air were on the side of H and water on the side
of B, it would follow, by transposing the demonstration, that the ray which
leaves point H and encounters the water at point F, would deflect towards
B, because, motion in air being slower according to the assumption of M.
Descartes, it would be measured by the line HF, and the one going through
water would be measured by FD, as being faster, such that, the two lines
HF and FD being the shortest, refraction would be made towards B, that is
to say that the ray would be drawn away from the perpendicular, which is
absurd and contrary to experiment.

If the situation of the two points B and H changes along the two lines BF
and FH, each extended as far as you like, the demonstration will hold, and
you will see it yourself.

I do not add the analysis, for, beyond its being long and awkward, it
should be sufficient that the account you have just read is short and purely
geometrical.

From all this it follows that, given points B and F, or H and F, the problem
can be solved easily by means of areas. But, when one is given two points,
such as B and H, and desires to search from them the point of refraction on
the line or the plane which separates the two media, in this case the problem
is solid, and can only be constructed by using parabolas, hyperbolas and
ellipses. But, since this construction is not even difficult for a mediocre
geometer, provided he remains in agreement with the foundation and the
proportion with which he must work and that I have already explained to
you, I have no doubt that you would have found it first, you, Sir, who are so
much above the common.

Aside from the fact of dealing here, in the question that you have asked
me, with nothing else but learning the pathways that nature teaches us to
follow, and that this great worker has no need of our instruments and of our
machines, I have already fulfilled my task.
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Analysis for Refraction∗

Let ACBI (fig. 108) be a circle whose diameter AFDB separates two media
of different natures, the less dense being on the side ACB, and the more dense
being on the side AIB.

Let D be the center of the circle, and let CD be an incident ray falling
upon the center from given point C; we seek to know the refracted ray DI,
or point I through which the ray passes after refraction.

Drop perpendiculars CF and IH onto the diameter. Since point is given,
along with the diameter AB and the center D, the point F and the line FD
are also taken as given. Let us assume that the ratio of the resistance of the
denser medium to that of the rarer medium, is the same as the ratio between
the given line DF and another given line m drawn outside the figure. We will
have m < DF, the resistance of the rarer medium necessarily being smaller
than that of the denser, by a natural axiom.

By means of the lines m and DF, we now have to measure the motions
along lines CD and DI; we will thus be able to represent the entirety of the
motion along these two lines by the sum of two products: CD·m + DI·DF.

∗Fermat sent this writing to de la Chambre along with his letter of New Year’s Day
1662.
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Thus the question comes down to dividing the diameter AB at a point
H, such that if a perpendicular HI be raised at this point, and DI be joined,
the area CD·m + DI·DF will be a minimum.

To this effect, we will employ our method, which is already widely known
among geometers and which was exposed about twenty years ago by Hérigone
in his Cursus mathematicus.1 Let us call n the radius CD or its equal DI, b
the line DF, and DH = a. The quantity nm + nb must be a minimum.

Let us take an arbitrary line DO as our unknown e, and join CO and
OI. In analytical notation, CO2 = n2 + e2 − 2be, and OI2 = n2 + e2 + 2ae;
therefore

CO·m =
√

m2n2 + m2e2 − 2m2be,
IO·b =

√
b2n2 + b2e2 + 2b2ae.

Following the rules of the art, the sum of these two radicals must be ad-
equated to mn + bn.

In order to eliminate the radicals, we will square them, and we will do
away with the common terms. We will transpose the terms in such a way as
to leave only the remaining radical on one of the sides of the equation. Then
we will square the new equation. After new eliminations of terms on both
sides, division by e and removal of terms containing e, following the rules of
our now long-familiar method, and then by removing common factors, we
will arrive at the simplest possible equation involving a and m. That is to
say that after having removed the obstacle of the radicals, we will find that
the line DH of the figure is equal to the line m.

Consequently, after having drawn the lines CD and DF, we may find
the point of refraction by taking the lines DF and DH to be in the ratio
of the resistance of the denser to the rarer medium — the ratio of b to m.
From H we will then erect line HI perpendicular to the diameter; it will
intersect the circle at I, the point through which the refracted ray will pass.
And thus the ray, passing from a rarer to a denser medium, will bend away
from the side and towards the perpendicular: which agrees absolutely and
without exception with the theorem discovered by Descartes. The above
analysis, derived from our principle, therefore gives this Cartesian theorem
a rigorously exact demonstration.

1Mathematics Course
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Synthesis for Refraction∗

The wise Descartes proposed a law for refractions which, as they say, con-
forms with experience; but to demonstrate it, his reasoning relied absolutely
upon a postulate, namely: that light moves more easily and more quickly
in dense media than in rare. Yet this postulate seems to be contrary to the
light of reason.

In seeking to establish the true law of refraction by starting from the
contrary principle — namely, that the movement of light is easier and quicker
in rare than in dense media — we come upon the precise law that Descartes
had enunciated. Without paralogism, is it possible to arrive at the same
truth by two absolutely opposite paths? This is a question that we will
leave to the scrutiny of geometers who have sufficient shrewdness to resolve
it rigorously, because, without entering into vain discussions, the certain
possession of truth is sufficient for us and we consider it preferable to a long
series of useless and illusory quarrels.

Our demonstration relies solely upon the postulate that nature operates
by the easiest and most convenient means and pathways. For we believe it
must be stated this way, and not in the ordinary way, which says that nature
always operates by the shortest lines.

Indeed, in addition to speculating on the natural movements of heavy
bodies, Galileo also measured their relationships in time as well as in space.
Similarly, we will not consider the shortest spaces or lines, but rather those
pathways which can be most easily traversed with the greatest of ease, in the
most accommodating way, and in the least time.

Having made this assumption, let there be two media of different natures
(fig. 109) separated by the diameter ANB of a circle AHBM, the less dense
medium being on the side of M, and the more dense on the side of H.

∗According to the copy of this piece that Clerselier received, Fermat sent it to Mersenne
in February 1662.
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From M, draw the arbitrary lines MNH, MRH to H, intersecting the
diameter at points N and R.

According to the axiom or the postulate, since the speed of the element’s
propagation along MN in the rarer medium is greater than its speed along
NH, and considering the motions as being uniform within each medium, the
ratio between the time of the motion along MN and the time of motion
along NH will be, as we know, the product of the ratio of MN to NH with
the inverse ratio of the speeds along NH and along MN. Thus we have
(speed along MN)/(speed along NH) = MN

NI
, and we will have (time through

MN)/(time through NH) = IN
NH

.
We will likewise prove that if the ratio of speeds in the rare and dense

media is MR
RP

, we will have (time through MR)/(time through RH) = PR
RH

.
Whence it follows that (time through MNH)/(time through MRH) = IN + NH

PR + RH
.

Now, since it is nature that directs light from point M to point H, we
must find point N, through which the light passes in the least time from
point M to point H as it bends or refracts. For we must admit that nature,
which directs its motions as quickly as possible, aims for this point by itself.
If, therefore, the sum IN + NH, which measures the time of motion along
bent line MNH, is a minimal quantity, we will have attained our goal.

The statement of the theorem of Descartes gives this minimum, as we will
soon prove by a true geometric reasoning and without any ambiguity. Here
indeed, is the exposition:

If from point M we draw the radius MN, and from the same point M drop
the perpendicular MD, and if we take DN

NS
as the ratio of the greater speed

to the lesser, and, finally, if we erect the perpendicular SH from S, and draw
the radius NH, the incident light at point N in the rare medium will refract
into the dense medium, moving towards the perpendicular, and arriving at
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point H.
It is this theorem which is in accord with our Geometry, since it results

from the following purely geometric proposition.
Let there be circle AHBM, with diameter ANB and center N. On the

circumference of this circle, take an arbitrary point M, draw the radius MN,
and drop perpendicular MD onto the diameter. Let the ratio DN

NS
also be

given, assuming DN > NS. From S, erect perpendicular SH from the diame-
ter, which reaches the circumference at point H. Join this point to the center
by radius HN. Suppose that DN

NS
= MN

NI
; I then say that the sum IN + NH is

a minimum. That is to say that if we took another point on line NB, such as
R, joined MR and RH, and made DN

NS
= MR

RP
, we would find that PR + RH

> IN + NH.
To demonstrate this, let MN

DN
= RN

NO
and DN

NS
= NO

NV
. By construction, it is

clear that since DN is smaller than the radius MN, it must be that NO <
NR. Likewise, since NS < ND, we will conclude that NV < NO.

Having assumed this, we have, according to Euclid, MR2 = MN2 + NR2

+ 2DN·NR. But since we have MN
DN

= NR
NO

by construction, we may say that
MN·NO = DN·NR, and therefore 2MN·NO = 2DN·NR. Therefore MR2 =
MN2 + NR2 + 2MN·NO.

Now, since NR > NO, NR2 > NO2. Therefore

MR2 > MN2 + NO2 + 2MN·NO.

But the sum MN2 + NO2 + 2MN·NO = (MN + NO)2. Therefore

MR > MN + NO.

On the other hand, we have by construction, DN
NS

= MN
NI

= NO
NV

, and there-
fore

DN
NS

= MN+NO
IN+NV

.

But we also have DN
NS

= MR
RP

. Therefore MN+NO
IN+NV

= MR
RP

. Yet MR > MN + NO;
therefore it is also true that RP > IN + NV.

It remains to be proven that RH > HV; for, if it is so, it is clear that PR
+ RH > IN + NH.

Now in triangle NHR, according to Euclid,

RH2 = HN2 + NR2 − 2SN·NR.
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But by construction, MN(=NH)
DN

= NR
NO

, and DN
NS

= NO
NV

; therefore, ex æquo,
HN
NS

= NR
NV

. Therefore HN·NV = NS·NR and 2HN·NV = 2SN·NR. Therefore

RH2 = HN2 + NR2 − 2HN·NV.

But we have proven that NR2 > NV2. Therefore

HR2 > HN2 + NV2 − 2HN·NV.

Then HN2 + NV2 − 2HN·NV = HV2, according to Euclid; therefore HR2 >
HV2 and HR > HV, which remained to be proven.

Even if we take point R on radius AN, such that lines MR and RH were
to extend into each other, as in the following figure (fig. 110) – although the
demonstration is independent of this particular case – the result would be
the same, which is to say that we will always have PR + RH > IN + NH.

Let us take, as above, MN
DN

= RN
NO

and DN
NS

= NO
NV

. It is clear that RN > NO
and NO > NV.

MR2 = MN2 + NR2 - 2DN·NR. Following the above reasoning, we may
substitute 2MN·NO for 2DN·NR. Moreover, NR2 > NO2; therefore MR2 >
MN2 + NO2 − 2MN·NO. But

MN2 + NO2 − 2MN·NO = MO2.

Therefore, MR2 > MO2 and MR > MO.
Additionally, we have by construction that DN

NS
= MN

IN
= NO

NV
; therefore,

vicissim: MN
NO

= NI
NV

, and dividendo: MO
ON

= IV
VN

, and vicissim:

MO
IV

= ON
NV

= DN
NS

= MR
RP

.

152



But we have proven that MR > MO; therefore PR > IV. To establish the
proposition, we must still prove that RH > HN + NV; which is quite easy
after the preceding.

Indeed RH2 = HN2 + NR2 +2SN·NR; as we have seen, we can substitute
2HN·NV for 2SN·NR; moreover we have NR2 > NV2. Therefore

HR2 > HN2 + NV2 + 2HN·NV;

Therefore, as above, HR > HN + NV.
It is therefore certain that the sum of the two lines PR and RH, even

when they form a straight line PRH, is always greater to the sum IN + NH.

q.e.d.
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